Abstract: Slosh phenomena are being encountered in various fields leading to performance deterioration. The major challenges in slosh control are due to underactuated nature. Moreover, it is very difficult to measure the slosh angle, which poses additional challenge. In this paper, a control approach for container-slosh system is discussed using output-feedback. To make the controller robust and practically implementable higher order sliding mode (HOSM) scheme is used. Surface is a linear combination of displacement and velocity of the container. Control is developed using second-order sliding modes (SOSM) based on super-twisting algorithm. Closed-loop stability has been verified mathematically using Lyapunov approach. Finally, the performance of the controller is validated in simulations.
Introduction
Sloshing is defined as the wave motion of free surface of liquid in a partially filled finite tank or container (Ibrahim, 2005; Abramson, 1966) due to change in acceleration of the container. Slosh suppression problems have recently become of great concern in various fields such as space vehicle, steel industries, packaging industries, etc. In launch vehicles or spacecraft slosh problem is more severe. Freely sloshing liquid produces additional forces and moments which when responded by control system may result in instability. Failure of several booster vehicles due to slosh have been reported. Slosh problem thus may result in improper performance and even instability. It is therefore essential to control slosh.
Several passive methods have been deployed to reduce the adverse effect of sloshing, such as introducing baffles inside tanks or dividing a large container into a number of smaller ones, meant to limit the movement of liquid fuel to small amplitude of high and negligible frequency. Anderson et al. (2000) have experimented two plywood sealed varnished plates for slosh suppression. Feddema et al. (1997) have proposed two methods for control of slosh in an open container carried out by a robot arm. In the first method, IIR filter was used to preshape an acceleration profile to obtain slosh-free motion. The second method is based on addition of rotation to compensate the relative motion of the container and fluid. However, the issues like optimum transfer time and robustness remained unsolved. In spacecraft ring baffles, movable and floating baffles or compartmentalisation is used for damping the slosh dynamics. Use of passive control method adds weight, construction time and cost. To overcome these issues, active control method of slosh control has been investigated, where very few efforts were reported. It includes bubble injection (Hara, 1994) ; surface pressure control (Venugopal and Bernstein, 1996) ; lyapunov control . Yano et al. (2001 Yano et al. ( , 2002 Yano et al. ( , 2003 have given special consideration to the transfer on the three-dimensional (3D) transfer path as well as the suppression of sloshing (liquid vibration) while maintaining a high speed of transfer for the container. They have also developed with the automatic pouring system in the casting industry, and gave special consideration to both track to a moving mould line and sloshing suppression (Yano et al., 2003) . Sugimoto et al. (2002) have provided a method to hold the liquid in sprue cup in to constant level and to suppress the slosh. A two-degree-of-freedom control was used to control liquid level . The controller is designed by the hybrid shaped approach considering both time and frequency characteristics. In all the methods described above, robustness of the proposed controllers was not addressed.
Motivation
One particular approach for robust controller design is sliding mode control (SMC) methodology and can be used to yield robust performance against model inaccuracy and uncertainties (Perruquetti and Pierre, 2002; Levant, 2010) . A first order sliding mode control (FOSMC) has been used for slosh control along with a slosh observer by Bandyopadhyay et al. (2009) , Kurode et al. (2009 Kurode et al. ( , 2013 and Thakar et al. (2014) . All these methods include the use of FOSM for control development. Use of FOSMC is often restricted due to chattering (Edwards and Spurgeon, 1998) . Due to heavy chattering in the control, practical implementation was a major concern in those methods. For practical implementation sigmoid approximation of signum function was considered. However, there is always a trade off between robustness and chattering reduction in FOSMC. Chattering issue is effectively tackled by higher order sliding mode control (HOSMC) (Kunusch et al., 2012; Shtessel et al., 2004; Kurode et al., 2012) while retaining robustness property. Moreover, in those approaches, control was a function of all states. As already discussed above, Slosh states are difficult to measure. Therefore, observers were designed to estimate the slosh states. This has added additional complexity. Recently, an output-feedback control of slosh suppression by using twisting algorithm (TA) (Mishra and Kurode, 2014b) with linear sliding surface and super-twisting algorithm (STA) (Mishra and Kurode, 2014a) with nonlinear sliding surface has been reported. In both paper, stabilisation problem has been addressed. The tracking problem was considered in Mishra and Kurode (2014c) using variable gain STA considering the nonlinear sliding surface which is a function of error dynamics. In this paper, second-order sliding modes (SOSM) control based on STA is attempted for slosh suppression, where the sliding surface is linear function of output variables. An output-feedback control law based on that linear surface is formulated which minimises the slosh. The robustness analysis of the proposed controller is given in presence of disturbances and parametric uncertainties. Both stabilisation as well as tracking of the desired trajectory is illustrated in this paper.
The flow of this paper is as follows. Section 3 describes the mathematical model of container-slosh coupled dynamics with consideration of lateral slosh and control problem. A sliding surface is proposed in Section 4, which is the function of only measurable outputs and the control development is presented followed by the stability analysis. Subsequently, simulation results are presented in Section 5. Finally, Section 6 concludes the research findings and future direction of work.
Problem description
A partially filled cylindrical liquid container in Figure 1 is considered as a plant. The control problem is to stabilise the container displacement from any arbitrary initial condition with minimum slosh by applying a control force, which is only a function of outputs in the lateral direction. A fundamental mode of lateral slosh is considered. Sloshing liquid is modelled by a simple pendulum as given by Kurode et al. (2009) . Pendulum mass is equal to slosh mass. Mass of the tank along with the rest fraction of the liquid mass that do not participate in the sloshing motion is represented by rigid mass M r . This mass has single translational degree of freedom. A pendulum representing the slosh is hinged to rigid mass M r . The angular motion φ of the pendulum about the hinge point is the second degree of freedom. The partially filled liquid container can be idealized as a rigid mass coupled with a pendulum mass as shown in the same figure. The system parameters are listed below: The tank is assumed to be rigid. The liquid is assumed to be incompressible, in-viscid, and homogenous. The mathematical model is derived using energy approach in Kurode et al. (2013) . For the sake of ready reference, it is reproduced here. Referring to Figure 1 sin ,
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Euler-Lagrange equations yield dynamics as below:
Now substituting for L.G and solving (3) and (4) 
Equation (7) clearly shows that, there is no direct control available for controlling slosh. Moreover, it is complex, coupled and nonlinear. Equation (7) can be further written as 
Control development
The control objective is to design a smooth implementable robust control for stabilisation of container-slosh dynamics. A SOSMC is developed. Design of SMC includes, design of switching surface followed by the design of control. The robustness of the proposed controller has to be ensured in presence of both vanishing and non-vanishing kind of disturbances.
Sliding surface
It is assumed that x and x are measurable noise free outputs. Sliding surface considered is the function of measurable outputs. 
Since this is a relative degree 1 surface w.r.t sliding variable, we can directly apply STA.
Control synthesis
To yield smooth control, higher order sliding mode (HOSM) is investigated. TA and STA are well-accepted SOSM algorithms. It give finite time convergence of σ and . σ
Super-twisting algorithm
The most important feature of this algorithm is that, it can be directly applicable to relative degree 1 systems. It is implementable as the control is continuous and there is no need of measuring σ for implementing the control law as in case of TA (Shtessel et al., 2004) . This algorithm retains all the property of FOSMC. As the chosen surface σ is of relative degree 1. Hence, control input has to be appeared in the first derivative of σ. We can further write
The super-twisting control is given by Kunusch et al. (2012) 1 2
with 2 2 sgn( ),
With a proper choice of controller gains as described below, this algorithm gives finite time convergence of σ and σ i.e., 
It may be noted that control is smooth due to integration of discontinuity. Moreover, it provides finite time convergence of σ and σ to establish second order sliding modes.
Stability analysis
While proving stability we have proposed a theorem as below.
Theorem 1: The control in (11) stabilises the system represented as in (5) and (6) 
Proof
The detailed analysis of closed-loop stability is given below.
Equations (5) and (6) 
In nonlinear system, existence of a valid Lyapunov function (V) implies presence of a stabilising control for that system if it yields 0. V < Let us choose a Lyapunov function as ( )
where
Taking first derivative of (13), we get
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now from (12), substituting the value of ( ) Q s s in (14) 
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For larger value of φ, the skew-symmetric property of the above matrix is satisfied. When φ is too small, the above matrix results into a null matrix. Hence, the given lemma is always valid.
Using Lemma 2 (16) 
It may be noted that 2 1 , k c − φ is always negative definite,
It is clear that 0 V = when 0 x = and hence is an invariant set. According to LaSalle, an invariant set is a region where once the trajectory enters, it will remain there for t → ∞. Since 0 x = is an invariant set, to ensure that trajectory will not leave this set, we have to show that 0.
φ φ φ and hence invariant set contains the equilibrium point. The system is therefore, globally asymptotically stable if 0. V < Now substituting for f from (11) 
Condition 1
If x < 0 and 0 x < 
Therefore from (21) to (24), 0
When the controller is applied, the condition 2 can be easily satisfied by choosing k 1 b 2 > |k 2 x|. Since k 2 is Lyapunov function constant, we can choose it sufficiently small and k 1 b 2 to be sufficiently large, so as to satisfy the above. The condition 1, i.e., 1 2 | | | |, c x c x > may or may not satisfies when the controller is applied. If it satisfies then convergence of all states are guaranteed. If it is not, then slosh states may not converge. Which means that, x and x will not be zero because of coupled dynamics. However, the convergence of x and x depends on sliding surface. Moreover, the sliding is guaranteed by choosing proper values of control gains. Hence, when x and , x try to diverge because of condition 1 being not satisfied, results in non-existence of sliding. Then controller action comes in to picture. Controller again tries to bring back the states (x and ) x on the sliding surface, moreover to the region of convergence where the condition 1 is satisfied. This completes the proof.
SOSM control ensures, σ and σ to become zero in finite time. Though our sliding variable is not a function of φ and , φ however by choosing the control (11), ensures negative definiteness of ( , ) V s s implies asymptotic convergence of all the states. The main advantage of this method is that, here there is no need to measure the slosh angle and yet ensuring stabilisation of slosh states together with the achievement of container states.
Simulation results
There are certain constituents upon which slosh parameters depend such as, fill ratio, container geometry and liquid properties. The definition for fill ratio can be given as the ratio of liquid height in the container to diameter of the container . For the fill ratio of 1.1, the slosh parameters were experimentally found out and tabulated below ( Table 2) .
The simulations were carried out considering the nonlinear plant model described by (5) and (6) The tuning parameters are b 1 = 10 and b 2 = 15 with c 1 , c 2 = 1. It was observed that x was becoming zero in 6 sec. and the slosh was also converging. Evolution of the various states and control for above mentioned tuning parameters were shown in Figure 2 and Figure 3 , respectively. Here, it can be observed that control input was very much smooth. It can also be seen from control plot that instead of x and x getting zero, control force is not zero. The reason behind such anomaly was that, the convergence of x and x was asymptotic and truly they would never become exactly zero. Though they are very small, MATLAB considered these small values in to account and hence control force was not exactly zero. Now if we want faster convergence of x then b 1 and b 2 have to be increased. However, this will increase the slosh. For tuning parameters b 1 = 20 and b 2 = 30 with c 1 = 1, c 2 = 1, x was becoming zero in 5 sec. However, slosh was increased as illustrated in Figure 4 and Figure 5 . After comparing the figures, it is clear that, the faster was the convergence of x, the more was the slosh (φ). Hence, controller parameters have to be tuned optimally so that both convergence of x and slosh angle (φ) will be in acceptable limits. 
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It can be observed from Figure 6 , that in spite of a constant disturbance, the convergence of x was taking place in 6 sec with the slosh amplitude bounded within 0.05 rad. The robustness of the proposed controller was again verified by adding a matched sinusoidal disturbance of amplitude 10 m and frequency of 1 rad/sec. From Figure 7 , it can be shown that the convergence of x was guaranteed in 6 sec with bounded slosh of amplitude 0.05 rad. Through out the whole simulations for robustness analysis, controller gain parameters were fixed as mentioned earlier. The robustness of the proposed controller was further tested with a co-sinusoidal disturbance of amplitude 10 m and frequency of 1 rad/sec. The convergence of all the states were achieved. In this case, x was stabilising in 10 sec, with stabilisation of slosh at an amplitude of 0.05 rad. It was verified from all the figures that, the proposed controller was insensitive to the external added disturbances. In spite of disturbances, convergence of x was guaranteed and the slosh was also within acceptable limits. The proposed STA controller was smooth and can be verified by looking at the control from Figure 10 , generated by adopting TA (another second order sliding mode algorithm) using a relative degree 2 surface. Figure 11 that, the container can able to track the desired trajectory within 4 sec. Here, the same linear sliding surface was considered, however it was a function of output error and the rate of change of output error. In forward direction and the slosh was suppressed. When the container suddenly changes its direction, it was expected that the slosh will increase. However, because of the controller action the slosh was still in the minimum range.
The robustness analysis was done with same controller's parameters with unchanged initial conditions against ± 20% parameter variations. It was observed from Figure 12 and Figure 13 that, there was a little variation occurring around the nominal performance. In all the cases, the tracking was successful with adequate slosh suppression in comparison to the slosh generated in uncontrolled case.
Conclusions
In this paper, container-slosh dynamical system has been considered for control development. A second order SMC has developed using STA. A surface has been proposed to be linear function of outputs. A detailed stability proof has been presented. The robustness analysis in presence of matched vanishing as well as non-vanishing disturbance and with respect to parameters variations were also carried in simulations. Following are the concluding comments.
• The proposed controller ensures asymptotic convergence of all the states, under the condition mentioned in Theorem 1.
• Control input is a function of only measurable states and smooth enough to be practically implemented.
• The proposed controller was robust with respect to matched bounded disturbances as well as parameters uncertainties.
• The method is general and can be used for system belonging to class of underactuated system.
